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Abstract
The main principle of affine quantum gravity is the strict positivity
of the matrix {gˆab(x)} composed of the spatial components of the local
metric operator. Canonical commutation relations are incompatible
with this principle, and they can be replaced by noncanonical, affine
commutation relations. Due to the partial second-class nature of the
quantum gravitational constraints, it is advantageous to use the pro-
jection operator method, which treats all quantum constraints on an
equal footing. Using this method, enforcement of regularized versions
of the gravitational constraint operators is formulated quite naturally
as a novel and relatively well-defined functional integral involving only
the same set of variables that appears in the usual classical formula-
tion. Although perturbatively nonrenormalizable, gravity may pos-
sibly be understood nonperturbatively from a hard-core perspective
that has proved valuable for specialized models.
1 Introduction
Despite its difficulty, quantization of the gravitational field has attracted
considerable attention because of its fundamental importance. Currently fa-
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vored approaches include string theory and loops, both important schemes;
see, e.g., [1, 2]. A comparatively new effort is the affine quantum grav-
ity program. Although the principles involved are conservative and fairly
natural, this program nevertheless involves a somewhat unconventional ap-
proach when compared with more traditional techniques. This article offers
an overview of the affine quantum gravity program; detailed discussions of
this program appear in [3, 4, 5].
Basic principles of affine quantum gravity
The program of affine quantum gravity is founded on four basic principles
which we briefly review here. First, like the corresponding classical variables,
the 6 components of the spatial metric field operators gˆab(x) [= gˆba(x)], a, b =
1, 2, 3, form a positive-definite 3×3 matrix for all x. Second, to ensure self-
adjoint kinematical variables when smeared, it is necessary to adopt the affine
commutation relations (with ~ = 1)
[pˆiab (x), pˆi
c
d(y)] = i
1
2
[δcb pˆi
a
d(x)− δ
a
d pˆi
c
b(x)] δ(x, y) ,
[gˆab(x), pˆi
c
d(y)] = i
1
2
[δca gˆdb(x) + δ
c
b gˆad(x)] δ(x, y) , (1)
[gˆab(x), gˆcd(y)] = 0
between the metric and the 9 components of the mixed-index momentum
field operator pˆiab (x), the quantum version of the classical variable pi
a
b (x) ≡
piac(x)gcb(x); these commutation relations are direct transcriptions of Poisson
brackets for the classical fields gab(x) and pi
c
d(x). The affine commutation
relations are like current commutation relations and their representations are
quite different from those for canonical communtation relations; indeed, the
present program is called ‘affine quantum gravity’ because these commutation
relations are analogous to the Lie algebra belonging to affine transformations
(A, b), where x → x′ = Ax + b, x, x′, and b are n-vectors, and A are real,
invertible n×n matrices. Third, the principle of quantization first and reduce
second, favored by Dirac, requires that the basic fields gˆab and pˆi
c
d are initially
realized by an ultralocal representation, which is explained below. Fourth,
and last, introduction and enforcement of the gravitational constraints not
only leads to the physical Hilbert space but it has the added virtue that all
vestiges of the temporary ultralocal operator representation are replaced by
physically acceptable alternatives. In attacking these basic issues full use of
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coherent state methods and the projection operator method for constrained
system quantization is made.
Affine coherent states
The affine coherent states are defined (for ~ = 1) by
|pi, g〉 ≡ ei
∫
piabgˆab d
3x e−i
∫
γab pˆi
b
a d
3x |η〉 (2)
for general, smooth, c-number fields piab [= piba] and γcd of compact support,
and the fiducial vector |η〉 is chosen so that the coherent state overlap func-
tional becomes
〈pi′′, g′′|pi′, g′〉 = exp
(
−2
∫
b(x) d3x
× ln
{det{1
2
[g′′kl(x) + g′kl(x)] + i1
2
b(x)−1[pi′′kl(x)− pi′kl(x)]}
(det[g′′kl(x)])1/2 (det[g′kl(x)])1/2
})
. (3)
Observe that the matrices γ′′ and γ′ do not explicitly appear in (3); the choice
of |η〉 is such that each γ = {γab } has been replaced by g = {gab}, where
gab(x) ≡ [e
γ(x)/2]ca 〈η|gˆcd(x)|η〉 [e
γ(x)T/2]db . (4)
Note that the functional expression in (3) is ultralocal, i.e., specifically of the
form
exp{−
∫
b(x) d3xL[pi′′(x), g′′(x); pi′(x), g′(x)] } , (5)
and thus, by design, there are no correlations between spatially separated
field values, a neutral position adopted towards correlations before any con-
straints are introduced. On invariance grounds, (3) necessarily involves a
scalar density b(x), 0 < b(x) <∞, for all x; this arbitrary and nondynamical
auxiliary function b(x) will disappear when the gravitational constraints are
fully enforced, at which point proper field correlations will arise; see below.
In addition, note that the coherent state overlap functional is invariant under
general spatial coordinate transformations. Finally, we emphasize that the
expression 〈pi′′, g′′|pi′, g′〉 is a continuous functional of positive type and thus
may be used as a reproducing kernel to define a reproducing kernel Hilbert
space (see [6]) composed of continuous phase-space functionals ψ(pi, g) on
which the initial, ultralocal representation of the affine field operators acts
in a natural fashion.
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Functional integral representation
A functional integral formulation has been developed [4] that, in effect, within
a single formula captures the essence of all four of the basic principles de-
scribed above. This “Master Formula” takes the form
〈pi′′, g′′|IE|pi′, g′〉
= lim
ν→∞
N ν
∫
e−i
∫
[gabp˙i
ab +NaHa +NH ] d
3x dt
× exp{−(1/2ν)
∫
[b(x)−1gabgcdp˙i
bcp˙ida + b(x)gabgcdg˙bcg˙da] d
3x dt}
×[Πx,tΠa≤b dpi
ab(x, t) dgab(x, t)]DR(N
a, N) . (6)
Let us explain the meaning of (6).
As an initial remark, let us artificially set Ha = H = 0, and use the fact
that
∫
DR(Na, N) = 1. Then the result is that IE = 1 , and the remaining
functional integral yields the coherent state overlap 〈pi′′, g′′|pi′, g′〉 as given in
(3). This is the state of affairs before the constraints are imposed, and remarks
below regarding the properties of the functional integral on the right-hand
side of (6) apply in this case as well. We next turn to the full content of (6).
The expression 〈pi′′, g′′|IE|pi′, g′〉 denotes the coherent state matrix element
of a projection operator IE which projects onto a subspace of the original
Hilbert space on which the quantum constraints are fulfilled in a regularized
fashion. Furthermore, the expression 〈pi′′, g′′|IE|pi′, g′〉 is another continuous
functional of positive type that can be used as a reproducing kernel to gen-
erate the reproducing kernel physical Hilbert space on which the quantum
constraints are fulfilled in a regularized manner. The right-hand side of
equation (6) denotes an essentially well-defined functional integral over fields
piab(x, t) and gab(x, t), 0 < t < T , designed to calculate this important re-
producing kernel for the regularized physical Hilbert space and which entails
functional arguments defined by their smooth initial values piab(x, 0) = pi′ab(x)
and gab(x, 0) = g
′
ab(x) as well as their smooth final values pi
ab(x, T ) = pi′′ab(x)
and gab(x, T ) = g
′′
ab(x), for all x and all a, b. Up to a surface term, the phase
factor in the functional integral represents the canonical action for general
relativity, and specifically Na and N denote Lagrange multiplier fields (clas-
sically interpreted as the shift and lapse), while Ha and H denote phase-
space symbols (since ~ 6= 0) associated with the quantum diffeomorphism
and Hamiltonian constraint field operators, respectively. The ν-dependent
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factor in the integrand formally tends to unity in the limit ν →∞; but prior
to that limit, the given expression regularizes and essentially gives genuine
meaning to the heuristic, formal functional integral that would otherwise
arise if such a factor were missing altogether [4]. The functional form of
the given regularizing factor ensures that the metric variables of integration
strictly fulfill the positive-definite domain requirement. The given form, and
in particular the need for the nondynamical, nonvanishing, arbitrarily chosen
scalar density b(x), is very welcome since this form—and quite possibly only
this form—leads to a reproducing kernel Hilbert space for gravity having
the needed infinite dimensionality; a seemingly natural alternative [7] using√
det[gab(x)] in place of b(x) fails to lead to a reproducing kernel Hilbert
space with the required dimensionality [8]. The choice of b(x) determines a
specific ultralocal representation for the basic affine field variables, but this
unphysical and temporary representation disappears after the gravitational
constraints are fully enforced (as soluble examples explicitly demonstrate [5]).
The integration over the Lagrange multiplier fields (Na and N) involves a
specific measure R(Na, N) (described in [9]), which is normalized such that∫
DR(Na, N) = 1. This measure is designed to enforce (a regularized version
of) the quantum constraints; it is manifestly not chosen to enforce the clas-
sical constraints, even in a regularized form. The consequences of this choice
are profound in that no gauge fixing is needed, no ghosts are required, no
Dirac brackets are necessary, etc. In short, no auxiliary structure of any kind
is introduced. (These facts are general properties of the projection operator
method of dealing with constraints [9, 10] and are not limited to gravity. A
sketch of this method appears below.)
It is fundamentally important to make clear how Eq. (6) was derived and
how it is to be used [4]. The left-hand side of (6) is an abstract operator
construct in its entirety that came first and corresponds to one of the basic
expressions one would like to calculate. The functional integral on the right-
hand side of (6) came second and is a valid representation of the desired
expression; its validity derives from the fact that the affine coherent state
representation enjoys a complex polarization that is used to formulate a
kind of Feynman-Kac realization of the coherent state matrix elements of
the regularized projection operator [4]. However, the final goal is to turn
that order around and to use the functional integral to define and evaluate
(at least approximately) the desired operator-defined expression on the left-
hand side. In no way should it be thought that the functional integral (6)
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was “simply postulated as a guess as how one might represent the proper
expression”.
A major goal in the general analysis of (6) involves reducing the regu-
larization imposed on the quantum constraints to its appropriate minimum
value, and, in particular, for constraint operators that are partially second
class, such as those of gravity, the proper minimum of the regularization
parameter is nonzero; see below. Achieving this minimization involves fun-
damental changes of the representation of the basic kinematical operators,
which, as models show [5], are so significant that any unphysical aspect of
the original, ultralocal representation disappears completely. When the ap-
propriate minimum regularization is achieved, then the quantum constraints
are properly satisfied. The result is the reproducing kernel for the physi-
cal Hilbert space, which then permits a variety of physical questions to be
studied.
We next offer some additional details.
2 Quantum Constraints and their Treatment
The quantum gravitational constraints, Ha(x), a = 1, 2, 3, and H(x), for-
mally satisfy the commutation relations
[Ha(x),Hb(y)] = i
1
2
[δ,a(x, y)Hb(y) + δ,b(x, y)Ha(x)] ,
[Ha(x),H(y)] = iδ,a(x, y)H(y) , (7)
[H(x),H(y)] = i 1
2
δ,a(x, y)[g
ab(x)Hb(x) +Hb(x)gab(x)
+gab(y)Hb(y) +Hb(y)g
ab(y)] .
Following Dirac, we first suppose that Ha(x)|ψ〉phys = 0 and H(x)|ψ〉phys = 0
for all x and a, where |ψ〉phys denotes a vector in the proposed physical
Hilbert space Hphys. However, these conditions are incompatible since, gener-
ally, [H(x),H(y)]|ψ〉phys 6= 0 because [Hb(x), gab(x)] 6= 0 and gab(x)|ψ〉phys 6∈
Hphys, even when smeared. This means that the quantum gravity constraints
are partially second class. While others may resist this conclusion, we accept
it for what it is.
One advantage of the projection operator method is that it treats first-
and second-class constraints on an equal footing; see [9, 10]. The essence of
the projection operator method is the following. If {Φa} denotes a set of
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self-adjoint quantum constraint operators, then
IE = IE(ΣΦ2a ≤ δ(~)
2) =
∫
Te−i
∫
λa(t)Φa dtDR(λ) , (8)
in which T enforces time ordering, denotes a projection operator onto a
regularized physical Hilbert space, Hphys ≡ IEH, where H denotes the original
Hilbert space before the constraints are imposed. It is noteworthy that there
is a universal form for the weak measure R [9] that depends only on the
number of constraints, the time interval involved, and the regularization
parameter δ(~)2; R does not depend in any way on the constraint operators
themselves! Sometimes, just by reducing the regularization parameter δ(~)2
to its appropriate size, the proper physical Hilbert space arises. Thus, e.g., if
ΣΦ2a = J
2
1 + J
2
2 + J
2
3 , the Casimir operator of su(2), then 0 ≤ δ(~)
2 < 3~2/4
works for this first class example. If ΣΦ2a = P
2 + Q2, where [Q,P ] = i~1 ,
then ~ ≤ δ(~)2 < 3~ covers this second class example. Sometimes, one needs
to take the limit when δ → 0. The example ΣΦ2a = Q
2 involves a case
where ΣΦ2a = 0 lies in the continuous spectrum. To deal with this case it is
appropriate to introduce
〈〈p′′, q′′|p′, q′〉〉 ≡ lim
δ→0
〈p′′, q′′|IE|p′, q′〉/〈η|IE|η〉 , (9)
where {|p, q〉} are traditional coherent states, as a reproducing kernel for the
physical Hilbert space in which “Q = 0” holds. It is interesting to observe
that the projection operator for reducible constraints, e.g., IE(Q2+Q2 ≤ δ2),
or for irregular constraints, IE(Q2Ω ≤ δ2), 0 < Ω 6= 1, leads to the same
reproducing kernel that arose from the case IE(Q2 ≤ δ2). No gauge fixing
is ever needed, and thus no global consistency conditions arise that may be
violated; see, e.g., [11]. Other cases may be more involved but the principles
are similar. The time-ordered integral representation for IE given in (8)
is useful in path integral representations, and this application explains the
origin of R(Na, N) in (6).
3 Nonrenormalizability and Symbols
Viewed perturbatively, gravity is nonrenormalizable. However, the (nonper-
turbative) hard-core picture of nonrenormalizability [12, 13] holds that the
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nonlinearities in such theories are so strong that, from a functional integral
point of view, a nonzero set of functional histories that were allowed in the
support of the linear theory is now forbidden by the nonlinear interaction.
Elementary example of hard-core behavior
An elementary example that illustrates the basic concepts is the following.
Consider a one-dimensional harmonic oscillator with the Euclidean-time ac-
tion functional
I0 ≡
∫ T
0
{1
2
[x˙(t)2 + x(t)2]} dt (10)
defined for a set of functions W0 ≡ {x(t) :
∫ T
0
[x˙2 + x2]dt < ∞}. Observe
that the set W0 includes many functions for which
∫ T
0
x−4dt = ∞. As a
consequence, the Euclidean-time action functional
Ig ≡
∫ T
0
{1
2
[x˙(t)2 + x(t)2] + gx(t)−4} dt , (11)
for g > 0, defined for the set Wg ≡ {x(t) :
∫ T
0
[x˙2 + x2 + x−4]dt < ∞} does
not pass to the set W0 as g → 0. Stated otherwise – now using a real time
formulation – the set of solutions of the interacting model with g > 0 does
not pass to the set of solutions of the free theory as g → 0. Instead, the set of
solutions pass to those of a pseudofree theory for which x(t) = 0 is forbidden!
This change in character of the classical theory has its image in the quan-
tum theory as well. If {hn(x)}∞n=0 denotes the set of Hermite functions (eigen-
functions of the free harmonic oscillator), then the free quantum theory is
determined by the Euclidean-time propagator
N0
∫ x(T )=x′′
x(0)=x′
e−I0 Dx =
∞∑
n=0
hn(x
′′)hn(x
′) e−(n+ 1/2)T . (12)
In contrast, the Euclidean-time propagator for the quantum pseudofree the-
ory is determined by [using θ(y) = 1, for y > 0, and θ(y) = 0, for y < 0]
lim
g→0
Ng
∫ x(T )=x′′
x(0)=x′
e−Ig Dx = θ(x′′x′)
∞∑
n=0
×{hn(x
′′)[hn(x
′)− hn(−x
′)]} e−(n+ 1/2)T (13)
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due to the hard-core nature of the potential that remains even after g → 0.
In brief, as g → 0, the interacting theory is continuously connected to the
pseudofree theory and not to the usual free theory; if a perturbation analysis
of the interacting model is made, it must be made about the pseudofree
theory and not about the free theory!
Hard-core behavior for field theories
Various, highly specialized, nonrenormalizable quantum field theory models
exhibit entirely analogous hard-core behavior, and nevertheless possess suit-
able nonperturbative solutions [13]. It is believed that gravity and also φ4
field theories in high enough spacetime dimensions can be understood in sim-
ilar terms. A computer study to analyze the φ4 theory has begun, and there
is hope to clarify that particular theory. Any progress in the scalar field case
could strengthen a similar argument for the gravitational case as well.
The expectation that nonrenormalizable, self-interacting scalar fields will
exhibit hard-core behavior follows from a so-called multiplicative inequality
[14, 13]. In particular, for smooth functions φ(x), x ∈ Rn, it follows that
{
∫
φ(x)4 dnx}1/2 ≤ C
∫
{[∇φ(x)]2 +m2φ(x)2} dnx , (14)
where for n ≤ 4 (the renormalizable models) one may choose C = 4/3,
while for n ≥ 5 (the nonrenormalizable models) one must choose C = ∞
meaning, in the latter case, that there are field functions, e.g., φsingular(x) =
|x|−p exp(−x2), with n/4 ≤ p < n/2−1, for which the left side diverges while
the right side is finite. This is exactly the signal that the interaction acts at
the classical level partially as a hard core, and it is not too much to expect
that the quantum theory would also reflect that fact as well. Additional
arguments favoring a hard-core understanding for φ4 models in five and more
spacetime dimensions appear in [15].
Evidence from soluble examples points to the appearance of a nontra-
ditional and nonclassical (proportional to ~2) counterterm in the functional
integral representing the irremovable effects of the hard core. For the pro-
posed quantization of gravity, these counterterms would have an important
role to play in conjunction with the symbols representing the diffeomorphism
and Hamiltonian constraints in the functional integral since for them ~ 6= 0 as
well. In brief, the form taken by the symbolsHa andH in (6) is closely related
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to a proper understanding of how to handle the perturbative nonrenormaliz-
ability and the concomitant hard-core nature of the overall theory. These are
clearly difficult issues, but it is equally clear that they may be illuminated
by studies of other nonrenormalizable models such as φ4 in five and more
spacetime dimensions.
4 Classical Limit
Suppose one starts with a classical theory, quantizes it, and then takes the
classical limit. It seems obvious that the classical theory obtained at the
end should coincide with the classical theory one started with. However,
there are counterexamples to this simple wisdom! For example, the φ4 the-
ory in five spacetime dimensions has a nontrivial classical behavior. But,
if one quantizes it as the continuum limit of a natural lattice formulation,
allowing for mass, field strength, and coupling constant renormalization, the
result is a free (or generalized free) quantum theory whose classical limit is
also free and thus differs from the original theory [16]. This unsatisfactory
behavior is yet another facet of the nonrenormalizability puzzle. However,
those nonrenormalizable models for which the quantum hard-core behavior
has been accounted for do have satisfactory classical limits [13]. The con-
jectured hard-core nature of φ4 models is under present investigation, and it
is anticipated that a proper classical limit should arise. It is further conjec-
tured that a favorable consequence of clarifying and including the hard-core
behavior in gravity will ensure that the resultant quantum theory enjoys the
correct classical limit.
An additional remark may be useful. It is a frequent misconception that
passage to the classical limit requires that the parameter ~ → 0. To argue
against this view, recall that the macroscopic world we know and describe so
well by classical mechanics is the same real world in which ~ 6= 0. In point
of fact, classical and quantum formalisms must coexist, and this coexistence
is very well expressed with the help of coherent states. It is characteristic of
coherent state formalisms that classical and quantum “generators”, loosely
speaking, are related to each other through the weak correspondence princi-
ple [17]. In the case of the gravitational field, prior to the introduction of
constraints, this connection takes the general form
〈pi, g|W|pi, g〉 = W (pi, g) , (15)
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where W denotes a quantum generator and W (pi, g) the corresponding clas-
sical generator (which is generally a “symbol” still since ~ 6= 0 ). The
simplest examples of this kind are given by 〈pi, g|gˆab(x)|pi, g〉 = gab(x) and
〈pi, g|pˆiba(x)|pi, g〉 = pi
bc(x)gca(x) ≡ piba(x). Moreover, these two examples also
establish that the physical meaning of the c-number labels is that of mean
values of the respective quantum field operators in the affine coherent states.
In soluble models where the appropriate classical limit has been obtained
[13], coherent state methods were heavily used. It is expected that they will
prove equally useful in the case of gravity.
5 Going Beyond the Ultralocal
Representation
We started our discussion by choosing an ultralocal representation of the
basic affine quantum field operators. Before the constraints were introduced,
an ultralocal representation is the proper choice because all the proper spa-
tial connections are contained in the constraints themselves. Moreover, the
chosen ultralocal representation is based on an extremal weight vector of the
underlying affine algebra, which has the virtue of leading to affine coherent
states that fulfill a complex polarization condition enabling us to obtain a
fairly well defined functional integral representation for coherent state ma-
trix elements of the regularized projection operator. To complete the story,
one only needs to eliminate the regularizations! Of course, this is an enor-
mous task. But it should not be regarded as impossible because there is a
model problem in which just that issue has been successfully dealt with. In
[5] the quantization of a free field of mass m (among other examples) was
discussed starting with a reparametrization invariant formulation. In partic-
ular, by elevating the time variable to a dynamical one, the original dynamics
is transformed to the imposition of a constraint. Thus, in the constrained
form, the Hamiltonian vanishes, and the choice of the original representation
of the field operators is taken as an ultralocal one. Subsequent imposition of
the constraint—by the projection operator method—not only eliminated the
ultralocal representation but allowed us to focus the final reproducing kernel
for the physical Hilbert space on any value of the mass parameter m one
desired! It is the kind of procedures used for this relatively simple example
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of free field quantization that we have in mind to be used to transform the
original ultralocal representation of the quantum gravity story into its final
and physically relevant version.
6 Dedication
I am pleased to dedicate this article to Andrei Alekseevich Slavnov, a scholar
and gentleman of the first rank. I hope he enjoys many more years of pro-
ductive research!
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